The article presents the results of investigations on three lithological types of Polish copper ore: sandstone ore, carbonate ore, and shale ore. According to X-ray diffraction analysis, sandstone samples can be classified as sandstone with dolomite binder and partly clay binder; shale-as dolomitic slate with a high proportion of clay with elevated organic matter content; while dolomite has a high organic content. Five particle-sized fractions (16-18 mm, 18-20 mm, 20-25 mm, 25-31.5 mm, and 31.5-45 mm) of each lithological type were prepared. A single-axis slow-compression test was performed on single particles to determine the value of the crushing force. The Weibull distribution was used to approximate the strength distribution models and cumulative strength distribution functions for each of the materials. The residual deviation and non-linear correlation coefficient were calculated in order to assess the fitting of the model function to empirical data. In addition, the impact of particle size on the strength of the raw material was separately investigated for the hard (dolomite and shale) and soft brittle material (sandstone).
Introduction
Copper ores processed in Poland are the mixtures of three lithological types: calcium and magnesium carbonates, marlite shales with various contents of clay, and sandstones with carbonate and clay binder. The technology of mineral processing for those ores involves operations of crushing and grinding, together with size classification on screens, as well as prior flotation-the main beneficiation processes in the Polish processing plant. Physical and mechanical parameters of each lithological type are various; what is effective is the operational effectiveness of each of the crushing and grinding processes.
The main idea of this paper is to determine the strength characteristics for three lithological types of the ore and to calculate models of strength distribution. These models can be helpful in the determination of the probability of material breakage for individual lithological types, as well as for their mixtures and, as a result, in the design and selection of a more effective comminution circuit for the given type of feed material. Models predicting the comminution effects for various mixtures of lithological types are especially useful for the reason that in operational practice the run-of-mine (ROM) material constitutes the mixture of sandstones, carbonates, and shales. For example, the Rudna mine extracts both sandstone and shale-carbonate ores, with the sandstone-shale-carbonate ratio: 70%-20%-10%. In the Polkowice processing plant, in turn, carbonate is the predominant ore type, with the content reaching up to 70%. It is also obvious that single particles with variable particle sizes have various crushing resistances, which significantly influence the value of the comminution degree for crushing and grinding products. The strength distribution models of individual lithological types, comminution degree for crushing and grinding products. The strength distribution models of individual lithological types, in relation to the size of their particles, were also determined; these constitute the major practical and scientific aims of this paper.
Materials and Methods
Three different lithological types of ores (sandstones, carbonates, and shales) were used in investigations. The samples for testing programme were taken from the ROM material, previously crushed in a hammer crusher. The sieve analysis, using square meshes of sizes 16 mm, 18 mm, 20 mm, 25 mm, 31.5 mm, and 45 mm, was carried out. The five particle size fraction was then obtained for the sizes 16-18 mm, 18-20 mm, 20-25 mm, 25-31.5 mm, and 31.5-45 mm. Three lithological types of copper ore (carbonate, sandstone, and shale ore) were manually divided within each particle size fraction ( Figure 1 ). 
Material Characteristic
Selected physical and mechanical characteristics of the materials were determined. The results are presented in Tables 1-3. Sandstone was characterized as a conglomerate of quartz sand grains and binders. A mix of dolomitic, lime, gypsum, and partly clayey binders were identified in upper part of sandstone ore deposit, while the main part of sandstone layer was dominated by clayey binders. Table 1 shows an average petrographic composition of ore according to Banaszak and Banas [1] , compared to the results obtained for the tested samples in the X-ray analysis. The X-ray diffraction analysis for each lithological type was also performed in order to determine the content of individual minerals. Results of the analysis show that sandstone samples 
Selected physical and mechanical characteristics of the materials were determined. The results are presented in Tables 1-3. Sandstone was characterized as a conglomerate of quartz sand grains and binders. A mix of dolomitic, lime, gypsum, and partly clayey binders were identified in upper part of sandstone ore deposit, while the main part of sandstone layer was dominated by clayey binders. Table 1 shows an average petrographic composition of ore according to Banaszak and Banas [1] , compared to the results obtained for the tested samples in the X-ray analysis. The X-ray diffraction analysis for each lithological type was also performed in order to determine the content of individual minerals. Results of the analysis show that sandstone samples can be classified as dolomitic and partially clayey sandstone (mixed sandstone); shale-mainly as dolomitic shale with high proportion of clay with elevated organic matter content and carbonate-has a significantly high organic content. Average values of strength indicators presented in literature [1] and author's research [2, 3] were presented in Table 2 . The decision as to whether the material was classified as brittle (hard) or less brittle (soft) was made on the basis of values presented in Table 2 . This data shows that dolomite can regarded as the hardest material, while the shale, as well as sandstone, can be classified as less brittle materials.
The next indicator under analysis was the Bond Work Index (W i ). This parameter characterizes resistance of the material to crushing and grinding. The Bond Work Index unit is the kilowatt-hour per tonne, and represents the specific energy required (in kWh/t) to reduce the material from theoretically infinite feed size to 100 µm [4] . The standard grindability Bond test was widely described in the literature [5] [6] [7] [8] . By analyzing the results presented in the above table, it can be seen that individual values of W i do not differ significantly. The highest difference can be noticed for the sandstone. It is convergent with operational practice, because sandstone ore shows more significant variability of this parameter compared to shales and carbonates. Results presented in Table 3 also indicate that the largest amount of the grinding energy is required for the sandstone particles breakage, which is also confirmed by operational practice. In the first stage of crushing process, liberation of sand particles, joined by soft clay binder, takes part. However, in the subsequent comminution stages mainly quartz particles are subject to breakage. This requires more energy, as they are combined by hard dolomitic binder.
Research Methodology
Mechanical crushing is a complex process, but the mechanism, in general, involves the breakage of individual particles through contact with other particles, with the grinding media, or with the solid walls of the crushing device. The machines for single-particle breakage involve four loading conditions: point-to-point loading, plane-to-plane loading, point-to-plane loading, and multi-point loading [9, 10] . There are many different compression test systems that can be used to determine the strength of particles [11] [12] [13] [14] [15] . They can be measured, for example, by the breaking force applied through uniaxial compression to a particle, placed between two parallel platens of the testing device. In our case, individual particles were placed between two 230 mm × 230 mm steel plates in the most stable position ( Figure 2 ) and were then slowly compressed at a constant rate, until the first fracture across the particle occurred. The value of the maximum crushing force (peak point A, Figure 3 ) for each particle was recorded. plates in the most stable position ( Figure 2 ) and were then slowly compressed at a constant rate, until the first fracture across the particle occurred. The value of the maximum crushing force (peak point A, Figure 3 ) for each particle was recorded. Maximum crushing force (the peak force) defines the particles strength. The maximum load in compression test for carbonate samples was 28 kN, while the maximum crushing force for shales was 16 kN. The maximum peak point observed for sandstone equaled only 9 kN. Exemplary plot presenting relationship between force and displacement was presented in Figure 3 . The exact data for displacement value was not provided in this case, because this parameter could not be registered with the required accuracy during the testing programme. The compression tests for three lithological types in five particle-size fractions of 16-18 mm, 18-20 mm, 20-25 mm, 25-31.5 mm, 31.5-45 mm were performed. About 100 randomly selected particles from each particle size fraction were then subjected to breakage in order to collect sufficient data for further statistical analyses of the breakage strengths of selected materials. The tensile strength of each particle was calculated according to Formula (1) [16]: Maximum crushing force (the peak force) defines the particles strength. The maximum load in compression test for carbonate samples was 28 kN, while the maximum crushing force for shales was 16 kN. The maximum peak point observed for sandstone equaled only 9 kN. Exemplary plot presenting relationship between force and displacement was presented in Figure 3 . The exact data for displacement value was not provided in this case, because this parameter could not be registered with the required accuracy during the testing programme. plates in the most stable position ( Figure 2 ) and were then slowly compressed at a constant rate, until the first fracture across the particle occurred. The value of the maximum crushing force (peak point A, Figure 3 ) for each particle was recorded. Maximum crushing force (the peak force) defines the particles strength. The maximum load in compression test for carbonate samples was 28 kN, while the maximum crushing force for shales was 16 kN. The maximum peak point observed for sandstone equaled only 9 kN. Exemplary plot presenting relationship between force and displacement was presented in Figure 3 . The exact data for displacement value was not provided in this case, because this parameter could not be registered with the required accuracy during the testing programme. The compression tests for three lithological types in five particle-size fractions of 16-18 mm, 18-20 mm, 20-25 mm, 25-31.5 mm, 31.5-45 mm were performed. About 100 randomly selected particles from each particle size fraction were then subjected to breakage in order to collect sufficient data for further statistical analyses of the breakage strengths of selected materials. The tensile strength of each particle was calculated according to Formula (1) [16] : The compression tests for three lithological types in five particle-size fractions of 16-18 mm, 18-20 mm, 20-25 mm, 25-31.5 mm, 31.5-45 mm were performed. About 100 randomly selected particles from each particle size fraction were then subjected to breakage in order to collect sufficient data for further statistical analyses of the breakage strengths of selected materials. The tensile strength of each particle was calculated according to Formula (1) [16] :
where: It is worth mentioning that for the reason the sandstone is regarded as a soft material, there was a problem in obtaining a significant amount of comminuted particles within the size fraction 31.5-45 mm. During a single compression test it was also difficult to notice the exact moments of particle cracking. For example, in the case of carbonate (hard rock), the moment of cracking of the particle was accompanied by a short sound (a bang) that was clearly heard, while in the case of sandstone particle this sound was almost nonexistent (the exception was the dolomitic sandstone particles). Carbonate and shale particles usually disintegrated themselves into some coarser and very fine particles, while sandstone was mainly breaking into very fine pieces. Greater particles have also easily disintegrated during sieve analysis. Figure 4 presents the final effect of the crushing force: breakage of sandstone, shale, and carbonate particles. The particles obtained from each single-breakage test were collected separately. It is worth mentioning that for the reason the sandstone is regarded as a soft material, there was a problem in obtaining a significant amount of comminuted particles within the size fraction 31.5-45 mm. During a single compression test it was also difficult to notice the exact moments of particle cracking. For example, in the case of carbonate (hard rock), the moment of cracking of the particle was accompanied by a short sound (a bang) that was clearly heard, while in the case of sandstone particle this sound was almost nonexistent (the exception was the dolomitic sandstone particles). Carbonate and shale particles usually disintegrated themselves into some coarser and very fine particles, while sandstone was mainly breaking into very fine pieces. Greater particles have also easily disintegrated during sieve analysis. Figure 4 presents the final effect of the crushing force: breakage of sandstone, shale, and carbonate particles. The particles obtained from each single-breakage test were collected separately. For every single particle under testing there was registered a value of crushing force F within the range (0, ) that was different for each lithological type. Then, the material was divided into several narrow fractions (fraction number j), according to the value of crushing force (each lithological type separately). The obtained results were used for determination of average strength value and the distribution of strength for each lithological type. Average strength of the crushed particles in particular crushing force fractions (<σi>), together with average strength of the crushed particles in each of five size fractions (σsr), were also determined. Table 4 presents results of calculations performed for the carbonate in particle size fraction 31.5-45 mm as an example. Fifteen similar tables were obtained in total for all samples. For every single particle under testing there was registered a value of crushing force F within the range (0, F max ) that was different for each lithological type. Then, the material was divided into several narrow fractions (fraction number j), according to the value of crushing force (each lithological type separately). The obtained results were used for determination of average strength value and the distribution of strength for each lithological type. Average strength of the crushed particles in particular crushing force fractions (<σ i >), together with average strength of the crushed particles in each of five size fractions (σ sr ), were also determined. Table 4 presents results of calculations performed for the carbonate in particle size fraction 31.5-45 mm as an example. Fifteen similar tables were obtained in total for all samples. The p i value-a yield of the i-th class according to the force F-which is also the density function of strength distribution, was calculated from Formula (2):
where:
m i -sum of particle weight in the i-th class of crushing force,
m i -total sample mass, [g] . The M value in this case equals 5882.5 g. The j denotes the number of classes according to the crushing force F, from j = 1 to j = N, while n is the number of classes according to the size (from i = 1 to i = n). The cumulative yield of particles in individual size fractions according to crushing force was approximated to the Weibull's distribution function [17] :
where: The parameters m and σ sr depend on the distribution of the size of cracks and they were calculated with using of the least squares method. The average strength of the crushed particles in each crushing force fraction was calculated as follow:
Compatibility of model with the empirical data was assessed with using the B index [18] :
wherex i is a relative strength value calculated from the conditionP(x i ) = P(x i ). The valuex i is:
x sr -average value x i . For B = 1, there is a goodness of fit between the model and empirical data. If the index B > 0.95 compliance is very good.
The non-linear correlation coefficient was calculated according to formula:
in which:
y i = P(x i ) calculated according to Formula (3). y i =P(x i ) y sr -average value P(x i ).
Results Analysis
Tensile strength of mineral particles is characterized by significant scatter of results. This variability is caused by various factors, i.e., type of crusher, crushing, and material strength properties, as well as particle shape and internal structure [19] [20] [21] . Consequently, the strength of mineral particles can be characterized by a certain distribution. This strength distribution is expressed by the Weibull distribution function, in which the parameters are the Weibull modulus and the average strength value in a particular size fractions [17, [22] [23] [24] . For such a case the fitting of model distribution to empirical data is close to the ideal value (B = 1, r = 1). Figure 5 and Formula (10) present the cumulative distribution function of tensile strength for carbonate particles for five particle size fractions: The curves show that model is well convergent with experimental data. The model fitting ratios are very high (B > 0.95, r ≈ 1). This method has practical importance, as it describes the distribution of the strength of irregular particles within the wide range of size fractions by using one model. Figure 6 and Formula (11) present the cumulative distribution function of tensile strength of shale particles for five particle size fractions: Distribution function, P (<σ>) Figure 5 . The cumulative distribution function of tensile strength of carbonate particles. Figure 7 and Formula (12) present the cumulative distribution function of tensile strength of sandstone particles for five size fractions:
(12)
For this case it is worth noticing that empirical data of the 20-25 mm particle size fraction is the most outstanding. It has a reflection with the lowest value of B, but r value is very high, however. The obtained result for sandstone may indicate that for a less brittle material the strength model might not fit as well as in the case of hard rocks. For this case it is worth noticing that empirical data of the 20-25 mm particle size fraction is the most outstanding. It has a reflection with the lowest value of B, but r value is very high, however. The obtained result for sandstone may indicate that for a less brittle material the strength model might not fit as well as in the case of hard rocks. Figure 8 presents the cumulative distribution function of tensile strength of carbonate, shale, and sandstone particles for five size fractions. The model strength distribution for the five sizes of Analyzing the strength distribution curves for carbonate, shale, and sandstone, and taking into account the model fitting indicators, it can be assumed that a general model fits the experimental data. Considering the fact that research was conducted on a set of irregular particles, it can be stated that Weibull's distribution well approximates the strength distribution for irregular particles, both for hard and soft rock materials. In addition to the above observations for all lithological types there were observed correlations between the increase in average particle strength and the decrease in mean particle size of particles ( Figure 9 ). This is consistent with a statistical strength theory, according to which, together with an increase in particle volume, the probability of occurring the greater numbers of microcracks, which cause damage to the particle, increases too. In addition to the above observations for all lithological types there were observed correlations between the increase in average particle strength and the decrease in mean particle size of particles ( Figure 9 ). This is consistent with a statistical strength theory, according to which, together with an increase in particle volume, the probability of occurring the greater numbers of microcracks, which cause damage to the particle, increases too.
In addition to the above observations for all lithological types there were observed correlations between the increase in average particle strength and the decrease in mean particle size of particles ( Figure 9 ). This is consistent with a statistical strength theory, according to which, together with an increase in particle volume, the probability of occurring the greater numbers of microcracks, which cause damage to the particle, increases too. 
Mathematical Models of Strength Distribution
The process of particle breakage under external loads is conditioned by the distribution of local strength in particle volume, which, according to the weakest link concept, determines the tensile strength of the particle. The size of the particle obtained from the sample of the primary particle will be a function of the spatial distribution of the local strength distribution in the sample and the distribution of the minimum value of that strength in the sample.
Gilvarry [25] assumed that there are three types of cracks in material: volumetric, surface, and edge. It can be assumed that, according to the type of cracks, their number in the particle is proportional to D 3 , D 2 , and D. According to that, the Weibull distribution parameter is related to the average particle strength and its dimension by the one of the following equations:
σ 0 -material constant, k 1 , k 2 , and k 3 -constants, particle-shaped coefficients. The parameter σ 0 , as well as Weibull modulus m, is a material constant. In individual case, the relations between particle strength and particle dimensions are in general similar to hyperbolic functions. However, determination of individual equations for each material is connected to determination of the values of the corresponding coefficients in approximation formulas and will be examined in the subsequent articles.
Mathematical models can be determined with using following formulas:
for carbonate ore:
for shale ore:
for sandstone ore:
The highest average strength value was obtained for dolomite (about 14 MPa); two times lower strength was recorded for sandstone (up to 7 MPa). The difference in the tensile strength of shale and dolomite particles in the particle size fraction 40 mm is due to the fact that the shale particles generally were more flat, while in the further grinding process the flat particles are easier to destroy and have lower strength. The curves of strength distribution for shale and carbonate are close to each other, which causes difficulties in their selective crushing.
The formulas also have their practical meaning in determination of the breakage resistance of material in individual particle-sized fractions. Knowing the size of material proceeded for crushing/grinding operations, it is possible to determine its behavior during the process. Initial assessment of selected process parameters can be made, i.e., determination of energy requirements for comminution of individual material.
Conclusions
The strength indicators of the material are significant in all stages of ore comminution, from the blasting to the crushing and grinding operations. By analyzing the data of individual lithological types of copper ore it can be stated that the carbonate limestone-dolomite ore and dolomitic shale ore can be classified as hard material, while clay shales and clay sandstones can be classified as less brittle. Only the sandstones in the roof part of the excavation show higher strength properties.
The results of the investigations showed that the largest amount of energy is required for sandstone grains grinding. This is due to the fact that during the sandstone ore crushing process the sand particles, joined by clay binder, are separated from each other. However, in the subsequent stages of the grinding process, there are mainly quartz particles, which are combined by dolomitic binder. During the compression test, the sandstone was mostly disintegrated into very fine pieces; additionally, the larger particles easily broke during the sieve analysis. Dolomite and shale particles disintegrated into a few coarse and very fine particles.
Analyzing the curves of strength distribution for dolomite, shale, and sandstone, as well as taking into account the model fitting indicators, it can be assumed that the model fits the experimental values. Considering the fact that the research programme was carried out on a set of irregular particles, it can be said that Weibull's distribution well approximates the distribution of strength of irregular mineral particles both for hard and for less brittle material.
The results obtained allow for numerical calculations of the proper comminution energy that connects the energetic aspect of the particle breakage problem with its strength properties. In the next stage of investigation, there might be performed simulations of the comminution intensity of the mixtures of the individual lithological types of material.
